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ABSTRACT

In previous work [2] we considered the problem of image
interpolation from an adaptive optimal recovery point of
view. We showed how a training setS determines a quadratic
signal class and how to use this signal class to perform im-
age interpolation. In [2] the training setS was taken from
the low resolution version of the image we were interpolat-
ing. In this paper we continue our discussion of the method
presented in [2] by looking more closely at the training set
S. In particular, we will show how a training set of high
resolution images can give very good interpolation results
through the use of the method [2].

1. INTRODUCTION

The problem of image interpolation seems to depend heav-
ily on the sampling rate of the decimated image. However,
if we had a badly decimated image of a face, the knowledge
of the fact that we are interpolating a face should help the re-
construction algorithm. In this paper we review the optimal
recovery interpolation algorithm presented in [2] and show
how the use of a good training set can generate much more
superior results than if we only had the low resolution im-
age. In particular, we will apply optimal recovery together
with a training set to interpolate very low resolution faces.
Other work in the area of image interpolation using training
sets is that of [3] and [4].

2. OPTIMAL RECOVERY INTERPOLATION

We now review the interpolation method presented in [2].
Locally, at locationy, we model the image as belonging to
a certain ellipsoidal signal classK

K = {x ∈ Rn : xT Qx ≤ ε} (1)

whereQ is derived from a training set or may be assumed
known. Vectorx is any subset of the image containing the
missing pixely. Vectorx is chosen such thatany L linear
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functionals (Fi, i = 1, . . . , L) of x are assumed known. If
we note the actual values of the functionals byfi we have
Fi(x) = fi. In this paper we assume that the functionals are
based on derivatives and/or actual pixel values of the deci-
mated image. The optimal estimates for the missing pixels
are the pixels of the optimal imagēu. From [7], the optimal
imageū belonging to classK and satisfying the given func-
tionalsFi is a linear combination of the representorsφi of
the given functionalsFi

ū =
L∑

i=1

αiφi (2)

The representors, using the least representors theorem [6]
are used to represent the linear functionals asQ inner prod-
ucts. This is the central role ofQ in optimal recovery [1].
The challenge is then to design aQ for which the classK
is a proper representation of the local signal. Assume that a
given training setS is to be used for learning our matrixQ.
For convenience, we further assume thatS is a matrix with
the training vectors as columns. These training signals lie
in a particular region of the space which we assume to be
representative of the signal we are trying to interpolate. Our
aim is to £nd aQ such that the ellipsoid

xT Qx = constant

is representative of the training setS as shown in Fig. 1.
What does this mean? We want aQ for which the contour
of xT Qx = c models the locus of the training setS. Intu-
itively, the contourxT Qx = c is an ellipsoid stretched in
the direction of the eigenvectors ofQ. The stretch is largest
in the direction whereQ has the smallest eigenvalues and
smallest in the direction whereQ has the largest eigenval-
ues. In [2] we showed thatQ = (SST )−1.

3. THE TRAINING SET

Selecting the correct training setS is key. In [2], when we
dealt with generic images and all we had was the decimated
image, the training setS came from the lower resolution
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Fig. 1. Training setS and contours corresponding to
xT Q1x = c andxT Q2x = c. The training setS is better
represented by the contour corresponding toxT Q1x = c
than the one corresponding toxT Q2x = c.

decimated image. When we deal with the speci£c problem
of face reconstruction, we can select our training set from
a database of high resolution faces. By using a set of high
resolution faces, we hope that our algorithm will learn how
to deal with an eye, a mouth, nose and other features of
the human face. Then, when presenting our algorithm with
a new decimated face, we hope that around the eyes, nose
and mouth, the things which are speci£c to every human
face, the decimated face can be reconstructed much better.

Next, what should the training vectors be? Should they
be the entire high resolution images, or only patches of them.
Using entire face images as training vectors is appealing
since this would generate a singleQ matrix. The drawback
is memory. Using 96 x 128 training images would generate
aQ−1 matrix with (96 × 128)2 = 150, 994, 944 elements.
This is obviously unacceptable. The alternate solution is
to break up the high resolution image into patches and per-
form interpolation separately for each patch. If we break
the96× 128 into 16× 16 patches, there will be 48 patches
and for each patch the matrixQ−1 will have only 256 ele-
ments. Even if we keep all 48Q−1 matrices, the memory
requirements are much better. Breaking up the image into
smaller blocks should also be £ne considering the fact that
pixels are more correlated locally. In other words, training
on the entire image at once will not be any more advanta-
geous, and may even be disadvantageous, considering that
pixels around one area of the face will not be too correlated
with pixels from a different area of the face. For example,
we do not expect the nose pixels to tell us much about the
eye or hair pixels.

Experimentally, we found that if we simply break up the
image into blocks the results tend to be blocky. For exam-
ple, we don’t want to have a block edge in the middle of an
eye. To solve this problem, instead of breaking up the image
into non-overlapping blocks we allow some overlap in the
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Fig. 2. Full image with the block overlap of the training
sets.

neighboring blocks, as shown in Fig. 2. The overlapping re-
gions can then be averaged out or not. Experimentally, both
methods yield good results.

4. EXPERIMENTAL RESULTS

For our training set we used a subset of the images used
in [3]. These images are cropped versions of the FERET
dataset [5] and are96×128 pixels. All images were aligned
by hand marking the location of 3 points, the centers of the
two eyes and the lower tip of the nose. (These images can
be found at http:// dsplab.ece.cornell.edu.) Each96 × 128
image was sectioned into16×16 overlapping blocks and we
generated aQ matrix for each of the16×16 blocks. Unlike
other training methods where patches need to be compared
against patches from the training set, once theQ matrices
are formed, we no longer need the training data. In some
sense, theQ matrices now contain the information of how
pixels relate to each other. This is advantageous for several
reasons

1. Memory space. After theQ matrices are formed,
the memory space required for the training data is no
longer necessary.

2. Computational speed. If patches need to be compared
against patches from the training set, we can easily
see that for very large data sets this can be very time
consuming. On the other hand, ourQ matrices will
always be the same size, regardless of the training set
(the size ofQ is only dependent on the patch size).
Once we have theQ matrices, the estimation of the
missing samples will always take a £xed amount of
time, regardless of the training set size.

We applied our interpolation algorithm to four different
faces. For the training set we used 300 images. The faces
we used for testing were not part of the training set. In Fig.
3 the96×128 faces were £rst decimated by four to24×32
and then interpolated back. Similarly, in Fig. 4 the96 ×



Fig. 3. 4× interpolation (from left to right): original, pixel replication, cubic interpolation and optimal recovery.

Fig. 4. 8× interpolation (from left to right): original, pixel replication, cubic interpolation and optimal recovery.



Fig. 5. 4× interpolation. On the left is pixel replication
and on the right is optimal recovery using a face training
set. Notice how the algorithm tries to generate a face even
though there is no face.

128 faces were £rst decimated by eight to12× 16 and then
interpolated back. In both £gures, from left to right, we
have: the original image, pixel replication, cubic and our
optimal recovery interpolation. A few things to notice:

1. The optimal recovery approach generates better re-
sults than cubic and pixel replication.

2. Notice how the interpolation algorithm learned the lo-
cal behavior of the face. Around the eyes, pixels are
ordered in the shape of the eye. In Fig. 3 the light re-
¤ection on the right lens of the man’s glasses has been
elongated along the eye-brow, instead of remaining a
round re¤ection. On the boundary of the head, things
are interpolated in a circular direction. The woman’s
hair in Fig. 3 is not as curly as in the original image.
Rather, is arranged in a circular direction around the
head.

An interesting question to ask is what would happen if
we applied our interpolation, with theQ obtained from the
face training set, to an image that does not contain a face?
If the interpolation algorithm really learned the behavior of
the face features, we would expect that the algorithm will
try to generate a face, regardless of the input image.

In Fig. 5 we applied the interpolation algorithm to an
image containing no face. As expected, the algorithm tried
to generate a face even when there was none. This behavior
is similar to the behavior observed in [3], which the authors
calledhallucinating faces, although their interpolation algo-
rithm is quite different from ours.

5. CONCLUSION

In [2] we introduced a new method for image interpolation,
which required the use of a training set to learn a quadratic

signal class. When dealing with generic images it is hard
to generate a good training set and in [2] we opted for us-
ing information from the decimated image as our training
data. However, under certain, more restrictive assumptions
training data can be generated from other high resolution
images. In this paper we looked at the speci£c case of face
reconstruction.

Our work was motivated by the work of [3], where they
also looked at the speci£c problem of face interpolation
from a training set. We recently obtained software from [3]
and [4]. While we did not have time to include any compar-
isons in this paper, we will do so at the conference.

Finally, the face database and the Matlab code presented
in this paper can be found at http:// dsplab.ece.cornell.edu.
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